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ISOMETRIES OF DIAGONALLY
SYMMETRIC BANACH SPACES

BY
Y. GORDON AND D. R. LEWIS’

ABSTRACT

We describe all compact symmetric subgroups of the orthogonal group O,
which contain the permutation group S,. There are seven such groups, each one
can be realised as the group of all isometries on some n-dimensional Banach
space.

Introduction

Let (E, | ||) be a normed finite-dimensional space over the reals. If B =
{b;, bi}i=n is a basis for E, the diagonal asymmetry constant of B is defined as

S(B)— Sup{ Z xbl](,)“/' Z |
where the supremum is taken over all vectors and permutations Il of the set
{1,2, -+, n}. The unconditional asymmetry constant of B is defined as
(B)—sup EExb xb]

where the supremum is taken over all vectors and signs &; = *1, 1 =i = n. The
total asymmetry constant of B is defined by

2 Eixibl'l(i) / 2:': x:ibi }

where the supremum is taken over all vectors, signs &; = = 1 and permutations I1
of {1,2,---, n}.

If p denotes one of the symbols &, y or ¢, p(E) is defined to be infp(B), the
infimum is taken over all bases B for E. E is called diagonally (respectively,

t(B)= sup{
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unconditionally, totally) symmetric if 8 (E) (respectively, x (E), t(E)) is equal
to 1.

The reader may refer to [1,2,3,4,5, 6] for many results on these and related
asymmetry constants. Let us briefly mention that it was recently proved in [6)
that t+(E)=98(E), and it is also known that none of the asymmetry constants
defined above is uniformly bounded.

In this paper we investigate diagonally symmetric spaces E, namely, spaces
with 8(E)=1. It turns out that if E is diagonally symmetric with dimension
n = 13, then the group of isometries of E, G, has a structure which can be given a
complete description. One consequence of this description is that if G is a finite
group then it must consist of exactly 2"[n!], 2" '[n!], 2{(n + 1)!], 4[n!] or 2[n!]
elements. If G is infinite, either G = O, (= the group of orthogonal n x n
matrices) or G = O._, P O..

The algebraic version is the description of all compact subgroups of O,, which
are symmetric (i.e. contain — I') and contain the permutation group S.. We also
obtain the characterization of all diagonally symmetric bases for a given
finite-dimensional normed space.

§1. G is infinite

Let (E,|||) be a real n-dimensional normed space, and (,) be the inner
product generated by the ellipsoid of least volume enclosing the unit sphere

M={x€E;|x|=1}. Set |x|.= V(x,x) for x € E.

If FCE is any subspace, F* will denote the orthocomplement of F with
respect to the || [. norm. Let G denote the group of isometries of E. Since the
minimal ellipsoid is unique, each g € G is also an orthogonal transformation.

LemMma 1.1. If8(E)=1then E has an orthonormal basis B with §(B) = 1.

Proor. Let {e}i=. be any basis with ({e;}) =1 and write e = Z;_, e.. Every
permutation of indices is a (,) orthogonal transformation so (e,e,)=n""|e|}
and

lelz=nlle|z+n(n—1)(es, e).
Thus for i# k the equation
0=(ei+pe e +pe)=u’llelp+2ule e)+ (e, e)
has a solution if

0=d(e,e.) —4(e, el efz=4n""[e[z[]l e ]z = (er, €2)].
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But clearly (e, e;)=|e].lle.ll. = e:|>. The desired basis is b, = A(e; + ue),
1=i=n, where u is chosen as above to make the b;’s orthogonal and A so that
b f.=1. O

Denote by L(E) the space of all operatorson E. If a, bEE, a ®b € L(E)is
defined by a ® b(x) = (a, x)b.

In this section we shall assume G is an infinite group, then it is an infinite
compact Lie group, so there is a continuous homomorphism g : (—®,%)— G,
necessarily of the form g(¢) = exp(tu), where 0 # u € L(E)is fixed, — o < f < oo,
hence g(t) is differentiable and g '(t)=g*(¢) = g(— 1), g'(0) = u.

LEMMA 1.2, Assume G is infinite and x € E is such that g'(0)x # 0 and so that
the set G, ={g € G;g(x)= x} has as commutators only operators of the form
Alg + px Q x where X and y are arbitrary scalars. Then || | = || x || || x [;*|| |l on E.

ProoF. Since || x 3= (g(¢)x, g(t)x)

0= zf—,(g(t)x, g(1)x)=2(g'()x,g(1)x), so g'(O)x € [x]*.

Let us assume [|x || = 1.

The assumption on G, clearly implies each element of G, maps [x]* to [x]".
We claim also that if 0 # y € [x]* then span{g(y); g € G.} = [x]*. Assume not,
then there exists 0# z orthogonal to g(y) for all g € G.. Let dg be the
normalized Haar measure of the group G, and h = [5,g(z2)® g(z) dg. Then h
commutes with each g € G,, so has the form Alg + ux @ x. But h(y)=h(x)=
0, hence h =0, contradicting trace (h)=(z,z)# 0.

There are therefore (n —1) isometries hy,-+-, h,-, € G, where dim(E) = n,
with hi(x) = x for each i and [hig'(0)x]isn-1 = [x]*. Define the map®: R""'> E
by

D(ty, -, tamr) = (g (1R -+ - (haoig (fa-)h L)

Then %:I—)(O, -++,0)= hg'(0)x, and so form a set of n — 1 independent vectors.
k

By the open mapping theorem, ® maps homeomorphically an open neighbour-
hood of the origin in R"™" onto an open subset of the unit sphere M, where
“open”” here means in the relative topology of M, about the point x.

Let N={y €M, y=g(x) for some g € G}. Then NCM is closed and
contains an open set about x, and so by translation about any y € M, so N is also
open, hence N = M. Givenanyy E M, y = g(x) forsome g € G,so |y [. =1 x ||,
which concludes the proof. J
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THEOREM 1.3.  Let (E,| ||) be a real n-dimensional normed space with 8(E) =
1 and assume G is infinite. There are only two distinct possibilities :

(1) E is isometric to I5.

(2) There is a vector b such that [b]" is isometric to 137'. Any orthogonal
transformation of [b]*, h, extends to an isometry h € G by setting h(th + y) =
th+h(y) (t ER',y €[b]"). Moreover, every g € G satisfies g(b) = +b.

Proor. By Lemma [.! there exists an orthonormal basis {b}/., = B for E
with 8(B)= 1. There are two possibilities for b = =_, b,

(1) g'@©0)b#0, or, (2) g'(0)b=0.

In case (1), the operators g; = 1 — (b — b)) R (b, — b)) for any i,j are in G,,
and only operators of the form A 1. + ub @ b (A, u scalars) commute with all g,
so by Lemma 1.2 E is isometric to [3.

In case (2), g(t)b = b for all —o <t <. Since g'(0)b =0 and g’(0) # 0, and
since the linear span of the set {nb, —b; 1 =i =n} is [b]*, we may assume
g'(0)(nb,—b)#0. Let x =(nb,~ b)/| nb,— b||, then x €[b])* and for i,j =2
g;(x)=x, and g; maps [x, b]" onto [x,b]*. As above (g'(0)x,x)=0 and

(8'0)x.8) = 5 (8(1)x.5) o= 5 (5, 8(= D) o = = (1,8'0)b) =0

so g'(0)x € [x, b]" and the set {g;g'(0)x; i# j = 2} spans [x, b]*. Therefore there
exist (n —2) elements b, € G, i =1,2,---,n~2, such that h(x)=x, hi(b)=b,
and {h;g'(0)x}~* spans [x, b]*. Define ®:R"*— E by

n-2
Dty taa)= 1| hig(t)hi'x.
i=1

As in Lemma 1.2, ® maps homeomorphically an open subset of the origin in
R™7* onto an open subset (in the relative topology) of M N[b]*. The proof is
concluded as there to show that on M N{b]* || [.=x |..

Let now h be any orthogonal transformation of [b]*. Define h € L(E) by

h(tb+y)=th+h(y) (t€ER', yeb").

The map IT,_; hig(t:)h " maps [b]* onto [b]*, is in G, hence orthogonal, so for
any y € [b]" there exists g, € G such that g,(y)= h(y) and g,(b) = b. Then

[h(b+ )l =lltb+h(y)|=ltb+ g (=g b +y)=lb+y]|

which implies /& € G.
To prove the final statement assume to the contrary that
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go(b) = tob + sox, forsome g, € G where x,€[b]%, | xo[.=1 and s,# 0.

Since g’(0)b = 0, there exists yo € [b]", || yoll. =1 and g'(0)yo # 0. Let h be an
orthogonal transformation of [b]* such that h(xe) =y, and let x = hgy(h) =
tob + soyo. Then g'(0)x # 0.

Set hy, = (hgo)g;(hgo)'. Then h;(x)=x for every i,j=1,---,n, and only
Alg + ux @ x are operators which commute with all hy, so by Lemma 1.2, E is
isometric to I5. Thus if E is not isometric to [3, then g(b)= = b for every
gEG. a

The asymmetry constant s(E) ([1]) is the least A such that there exists a group
of isomorphisms G of E, || g || = A for every g € G, and the only operators which
commute with all elements of G are the scalar multiples of the identity operator
on E. If s(E)=1, E is said to have enough isometries.

The distance coefficient between isomorphic Banach spaces E and F is
defined as d(E, F) = inf|| T | T™'{|, ranging over all 1 — 1 operators T mapping
E onto F.

CoroLLarY 1.4. IfE is finite-dimensional, 8(E)= s(E) =1, and G is infinite,
then E is isometric to a Hilbert space.

Proor. Let B = {b;};=, be an orthonormal basis for E with §(B) =1, and let
b =3, b. Let g : (—®,%)— G be some non-constant differentiable map. Since
s(E)=1, there exists h € G such that g'(0)h(b) # 0. Observe that g'(0)h(b) €
[h(b)]" and that Gy, contains h(Z b; Q bngy)h ™" for any permutation II of
{1,2,---,n}. Therefore, by Lemma 1.2, taking x = h(b), E is isometric
to I3 : 0

CoroLLARY 1.5. Let E be a real n-dimensional normed space. Then d(E, l3)
is equal to the least scalar A such that there exists an infinite group G of
isomorphisms of E, |lg|= A for every g € G, G contains the group of all
permutations with respect to some basis of E and only the scalar multiples of 15 are
operators which commute with each g € G.

Proor. Obvious by Corollary 1.4. a

CoroLLARY (Rolewicz [7]) 1.6. If t(E)=1 and G is infinite then E is
isometric to a Hilbert space.

Proor. Since 1=s(E), 8(E)=t(E)=1. O
Denote by O, the group of all orthogonal n X n matrices over the reals. We
have the following algebraic version of Theorem 1.3.
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CororLLARY 1.7. Let G be any compact symmetric infinite group of n X n
matrices over the reals which contains the group of all permutations of R". Then
G = O,, or G = O"_1® 01.

Proor. Let0# e € R", and M be the convex hullof { = g(e); g E G}. M isa
centrally symmetric, closed convex body of R", so defines a norm on the space
by

| x||=inf{t = 0; x € tM}.

The space E = (R", | ||) satisfies §(E) =1, and each g € G is an isometry of E,
the result follows by Theorem 1.3. 0
A real function f(t) on the interval [~ 1,1] is called convex if for every

-l=n=t=n=1
()= f)) (= ) Z[f(8) — f(1)] (£ — 1).
f is called even if f(¢)= f(—1t) for every ¢

CororLarY 1.8. Let (E,| ||) be a real n-dimensional normed space and G be
infinite. Then 8(E)=1 iff there exists a non-negative continuous, even, convex
real function f(t) defined on [ — 1, 1] with f(0)> 0, such that the unit ball of E is
isometric to

n=1

{(xx,'“,xn)e R"; (Z x?)méf(x,.),]x,.lé 1}.

Proor. Obvious by Theorem 1.3. O

CoroLLARY 19. If dim(E)=n, 8(E)=1 and G is infinite, then
d(E, 15 = V2.

Proor. By Corollary 1.8 there is a function f(¢) such that the unit ball of E
may be realised as

n—1

M= {(x,,xz, e Xa); (Z xf)l/zéf(x,.),]x,. |= 1}.

Consider the 2-dimensional cross-section of M given by
M, ={(x1,0,-+,0,x.); | x| = f(x.), | x. | = 1}.

Let ¢, be the ellipse of least area with center at the origin containing M,. It is
easy to see that 27¢,C M,C¢,, and that the principal axes of &, are
orthogonal. Rotating M, and &, through an (n — 1)-dimensional space or-
thogonal to the x, axis we obtain the unit ball M and an ellipsoid ¢, with
272¢ C M C e, implying d(E, I35)= V2. O
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CoroLLarY 1.10. Let (E, | ||) be a real infinite dimensional Banach space not
isometric to I, and B = {e,};=1 a basis for E satisfying §(B)= 1. Then there is an
integer N such that if I is any finite subset of integers with | I|> N, the subspace
E, =span{e, ;i € I} has a finite group of isometries.

Proor. Assume the assertion to be false. Then for any integer k = 1 there is
a finite subset L. = {pu1, P2, * = *» Prme } Of ni distinct integers, where n, — @, such
that the group of isometries of E, is infinite. Define Uy : E — E,, by

n—1

U. <i x,-e.-) = "21 xie,, — (e — 1) < > x.-) €n,, "

i=1 i=1

Theorem 1.3 and proof imply that U, (E) is isometric to I ; further, if | ||«
denotes the Hilbert norm generated by the ellipsoid of minimal volume
enclosing the unit ball of E,, then on U.(E) the norms satisfy the equation

” : ” = " €pi ePk,z” ” €pii ~ €piz ”;1 II ’ ““

= ” €r— € ” ” €1~ Cpi “;1 ” : ”k

Then if n, >m, U, (Z" xie;)= 20" Xi€p,; — (n — 1) r xi)epk,nk-

Since (m, —1)'ZZ,x;, >0 as k >~ and | e,,,, =|le, ||, using the fact

that 8({e;} CE) =1 it follows that

m
2 Xi€;
i=t

<
ko= ” ePk.nk

Ui (i x.-e.-)

i=1

e el = tim el

m
Zl Xi€p, ;

= ‘ltlﬂ ” €pi ™ €pi ”;1 .
k

Therefore for any vector x = 2, xie; the following equality holds

m
| x|l Ilex— e[|”" = lim lim ” 2] X, ,
£

m—sxo kw0

-1
” €oii ~ €piz ”k ’
k

thus right hand side defines a norm on E, necessarily a Hilbert norm, contradict-
ing the fact that E is not isometric to L. O

§2. G is finite

The group of all permutations of {1,2,---,n}={1,n] is written S,, and
A, ={-1,1}" is the group of all n-tuples of signs. The main result of this section
is the following:
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THEOREM 2.1. Let E be a real n-dimensional normed space, n = 13, with
8(E) =1 and with G, the group of isometries of E, finite. One and only one of the
following statements is true:

(1) There is a basis {b, bi}i=. for E such that G is the group of operators
£Zio b Rbuey, IES, and |e|=1.

(2) There is a basis {b;, bi}i=. for E such that G is the group generated by the
operators * 3., b} bug, and the operator 1z — (2/n) (-, b) Q (-, by).

(3) There is a basis {b, b}z, for E such that G is the group of operators
S &b ® bugy, [1E S, and (&) € A..

(4) n is even and there is a basis {b, b}is, for E with G the group of operators
Sro &b by, [1E S, and (&) € A, satisfying ;- & = 1.

(5) There is an (n + 1)-dimensional space F with a monotone diagonally
symmetric basis (f, fi}isn+1 and an isometry V:E — F such that V(E) is the
kernel of N fi, and such that G is the group of operators e V"' (.. fi & fuw)V,
MNeS,. and |e|=1.

The proof will be broken down into a series of Lemmas. We retain the
notations of Section 1, and adopt the following convention: If x,y €E, x ®y
will stand for the operator in L(E) defined by x & y(z) = (x, z)y. However, if
x'€E"and x EE, x'@x is defined by x'® x(y) = (y, x)x.

A point x € E is called a reflection point if | x |.=1 and if the operator
1e —2x @ x is an isometry of E. The set of all reflection points is denoted by R.
Observe that if x € R and g € G then g(x) € R, since || g(x)|.=]||x].=1 and
le —28(x)@g(x)=g(le ~2x @ x)g ™.

From this point on we shall always assume, unless stated otherwise, that G is
finite. The following Lemma was used implicitly without proof in [7].

LEmma 2.2. Letz € E and x; €ER, i = 1,2, both satisfy

0<|(x,z)|=inf{|(y,2)]; yER and (y,z)#0}.

(1) Ify €Rand (y,z)=0, then | (x,,y)| = cos(mw/m) for some integer m = 2.
(2) For some positive integer q, | (x,, x,)| = cos(27/q).
(3) If 2 € R then |(x2,z)| =sin(w/m) for some positive even integer m = 2.

Proor. (1) We may assume || z ||, and choose an orthonormal basis (b, ), s, for
R" such that y = by, x; = cos(B/2)b, + sin(B/2)b,, z = (cos a )b, + (sin o )b,. Let
zi = cos(kB/2)b, +sin(kB/2)b, (k =0, =1, £2,--+).

The operators g,=1: -2y Xy and g:=1:-2x,Qx, are in G, so are
therefore also the operators
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(828 =(1e =2y @ y)(1e —22. @ 2¢) and ga(8281)" = 1e — 2z, ® zi;

the above formulas are easily established by mathematical inductions. Hence
z« € R. Since G is finite, (g.g:)" = 15 for some integer m = 1; this implies
cos(mB)=1so B =2mp/m for some integer p.

Let d = (m,p) be the greatest common divisor of m and p. If d > 1, then
(8281)™"* = 1 so we may assume d = 1, then sp = tm + 1 for some integers s and
L

Since zi € R, {(zi, 2)| = [ (x4, 2)| > 0 whenever (zi, z) # 0, this is equivalent to
the inequality | sin (kpm/m)| = |sin(pm/m)| whenever left hand side is not zero.
Taking k = Is we get |sin(Iw/m)| = |sin(pw/m)| whenever left hand side is not
zero. Therefore p=1 and m = 2.

(2) Assume again ||z|,=1 and choose an orthonormal basis such that
x1=cos(B/2)b, +sin(B/2)b;, x> = b,, z = cos 8 cos ¢b, + cos 8 sin ¢pb, + sin 6b,.

Let g:=1: —2x,8x,, g2= 1 —2x; Q) x-.

Defining z., m, p, s, t as in (1) we obtain for every integer k

[(ziy 2)| Z [(x1, 2)| =](x2,2)| >0 whenever (zi,2)#0,

or equivaiently

cos(d)—l—(g)j =z |cos(¢p —pm/m)|=|cos¢ |

>0 whenever cos<¢> - kg) #0.

Taking k =sl (I=0, £1, £2,---), we get
|cos(¢ — Im/m)| = |cos(d — pmr/m)| =|cos ¢ |

whenever cos(¢ — Imr/m)# 0. This implies p = 1 or 2, therefore B/2 =2w/q for
some positive integer q.

(3) Assume || z],=1 and choose an orthonormal basis such that x,=b,,
z =cos(B/2)b, +sin(B/2)b,. Let g, =1 —22 ® z and g. = 15 — 2x. Q) x.. Defin-
ing zi, m, p, s, t as in (1), then for any integer k, | (zx, z)| Z|(x2, 2)| > 0 whenever
(2, 2) #0. Taking k = Is, | cos(lm/m)| = | cos(pm/m)| whenever cos(lm/m)# 0.
The last inequality implies either pm ™' —1/2 is an integer or (p + e)m ™' = 1/2 is
an integer for some | ¢|=1. Hence m is an even integer.

It follows that |(x,, z)| = |cos(pm/m)|=sin(w/m) for m = 2. a

LemMa 2.3. Let (b:)i=. be an orthonormal basis for E and suppose x € E
satisfies | x| =1,
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(x,b)=a fori=k+1,k+2,---, k+m, and
(x,b)=a+e2"cos(w/s) fori=k+m+1,--- n,

where 0=k =n—-10,1=m=n-k—1,|e|=1ands =3 are integers and a is
a constant. Then eithers =3 andm=1,2, n—k-2o0rn—k—1;,0rs =4 and
m=1orn—k—1.

Proor. The discriminant of the quadratic in a obtained by expanding
I x |5 =1 is non-negative, so

0=(n-k) [l - il(x, b,«)]z]—Zm(n —m —k)cos’(m/s)

=(n-k)-2m(n—m —k)cos’(m/s)
and thus
(*) 2um(n—-m—-k)=n—-k

where w = cos’(m/s). Observe that f(t)=k +t+tQ2ut—1)"" is increasing on
[1£7',») and that g(¢)=k + 1+ (2t —1)"" is decreasing on (27',).

To obtain a contradiction suppose s = 5. Then (*) gives n = f(m). lf m =1
then n = f(1)=g(u). Incase m =22, n = f(m) = f(n — k — 1) since f is increas-
ing on [2,»), which implies n = g(u). In either case

h= g(:u') = g(COSZ(W/S)) =k+2 +51/2,

contradicting k + 10 = n.

If s=3and3=m=n—-k-3, (*) gives n=f(m). If m =3, then n = f(3)
implies n = k + 9, a contradiction. Incase m 24, n = f(m)= f(n — k — 3) since f
is increasing on [4,»), which implies again n =9+ k.

If s=4 and 2=m = n - k —2 then (*) again yields n = f(m)=f(n—k —2)
the last inequality since f is increasing on [2,%), which implies n =k +4, a
contradiction. |

The next elementary result will be used without proof.

LemMMA 2.4. Let s and t be positive integers with card{s, t,2} =3, and let
| & | = 1. The equation |cos(w/s)+ & cos(w/t)| = cos(m/r) is not satisfied for any
integer r.

LeEmMA 2.5. Let B = {bi}is. be an orthonormal basis for E with §(B) = 1. Let
x€R, yeE 0=k =n-10, be such that

[(x,y)|=inf{[(z,y)|; z ER and (z,y)# 0}
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and (y, b; — b;) = 0 for all integers i and j satisfying k <i,j = n. Then there exists a
permutation 11 € S, satisfying I1(i)=iforalli =1,2,- -, k and integers m, s with
l=sm<n-kand 2=s=4,|e|=1 such that if u =2_, b ® bu,

wx),b)=a fori=k+1,k+2,---,m+k,
(u(x),b)=a+e2"cos(m/s) fori=m+k+1,--- n,

where a is a fixed scalar. Moreover, if s# 2, then either s=3 and m =1, 2,
n—-k—-2orn—-k—-1;0r,s=4andm=1orn—k—1.

Proor. Since 2'*(b,— b;)E R if i#j and orthogonal to y for i, j >k, it
follows by Lemma 2.2(1) that (x,27 (b, — b;)) = ¢; cos(w / m;) where | g; | =1,
m; =2 are integers and i# j > k. Hence

[cos(m/my)— ggeacos(m/my)| = cos(m/my),

but by Lemma 2.4 card{m;, my,2} =2 in all cases, therefore either m; =2 or
m; = s where s 2 2 is a fixed integer. Since |cos(w7/s) — o cos(w/s)| = cos(m/t)
for|o|=1and s >2 implies o = 1 and ¢ = 2 we may assume ¢; = ¢ in all cases.
Thus after a suitable permutation II (if necessary) we get that (u(x), b)) = a for
k+1=i=k+mand (u(x),b)=a+e2"cos(m/s)for k + m <i=n If s#2
the last statement follows from Lemma 2.3. O

Lemma 2.6. If n =dim(E)= 10 and 8(E) =1, then E has an orthonormal
basis B ={b.};=, with 8(B)=1 which satisfies one of the following:

(a) Every reflection point not equal to +n~"?b, where b =3._, b, is in [b]".

(b) For 1=k =n, by €R.

(c) For 1=i, k=n, i#k 27"(b +b)ER.

(d) For w a suitable constant,27"*(b, + ub) € R, 1 = k = n. Further, in case (d)
n"’bZ R.

Proor. By Lemma 1.1 E has an orthonormal basis B = {b;}is. with §(B)=
1. Write b = 2/_, b.. The desired basis for E will be either B or {u(b:)};=, where
u=1—(2/n)b@b. Observe that this last basis is also orthonormal and
diagonally symmetric since ¥ commutes with each permutation of the b’s.

Suppose (a) is not the case, and let x € R satisfy

|(x,b)] = inf{|(z,b)]; zER and (z,b)#0}

Then (x, b) #0 and x # = n~"?b. The reflexion x may be replaced by any vector
obtained by the action of a permutation on x, so applying Lemma 2.5 with y = b
shows that we may assume (x,b)=a for 1=k=m and (x,b)=



56 Y. GORDON AND D. R. LEWIS Israel J. Math.

a+e2"cos(m/s) for m <k =n where |e|=1and 2=s =4 is a fixed integer.
s # 2 since otherwise x = = n~"b. Hence by Lemma 2.4, as n = 10, either s =3
and m=1,2,n-2orn-1;or,s=4andm=1orn-1.

If s = 4, expanding [ x |} as a quadratic in a and solving yields a sign o with
a+te=(e+to)ntifm=1and a=(oc—¢e)n"'if m =n—1. In either case x
has form = b, or *u(bh.), k =1 or n. But if some = b, € R, then b, € R for all
i=1,2,---,n and similarly for the u(b;)’s since u commutes with each
permutation of the b;’s.

The other cases may be handled similarly. For s =3 and m =1 or n—1,
x==x2""(b,+pub), k=1 or n. For s=3 and m=2 or n—2, x is
+27"2(b, + b.), i # k, or the image of such a vector by u. Thus (c) and (d) are also
possibilities.

If (d) holds the proof above shows that x =27"*(b,+ ub) € R satisfies

[(x,n""*b)| = inf{(y,n""?b);y ER and (y,b)#0}.

Thus if n7"*b € R, Lemma 2.2(3) implies that there is an integer r such that
cosQm/ry=1-n"'(1+nuy = —n"', the last since | x ||, = 1. This is impossible
since n = 10. O

In the following lemmas B = {b};=. represents the orthonormal basis for E
with 8(B)=1, b =3_, b.

Lemma 2.7. Lety € R.

(1) If (c) of Lemma 2.6 holds for B and if nz 12, then (y,b)=0 or
[(y, b )| =27 for each k =1,2,-- -, n.

(2) If (a) of Lemma 2.6 holds for B and if n=11 then (y,b)=0 or
[(y,b)| = n™'" for each k = 1,2, -+, n.

Proor. It is enough to establish (1) and (2) for k = 1. To this ehd denote by
x = (x1," -, x,) the vector Z;., x.b,, and assume x € R and satisfies

[x;|=inf{|(z,b))];zE R and (z,b)#0}.

Then 0<|x,|=|Q2"*(b, - b,), b))| =27"".

By Lemma 2.5 we may suppose there is a constant a, a sign £ and positive
integers m and s(=2) such that x,=a for 2=i=m+1, x =
a+e2"(cos(m/s)) for l+m<i=n.

If s=2then m=n-1.1f s 23, by Lemma 2.5 either s =3 and m =1,2,
n—3orn-2,or,s=4and m=1orn-2.

Assume B satisfies case (c). If s =2 then 1= x[i= x}+(n~1)a’ and by
Lemma 2.2(1)
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2% a | =(x,27"*(b, + bs))| = cos(m/t)

for some integer t=2, therefore cos(m/t)= VW—T), 0 1=2, a=0,
| x;| = 1—contradicting | x,|=27""

If s=4, either x =(x,a,a+¢,---,ate) or x=(x,a,-*,a,a +¢). By

——— ()
n-2 n-~2

symmetry, sufficient to consider the second case. Since 1= (n - 2)a’, we shall
obtain as above a =0, so x; =0, a contradiction.

Thus s =3 and by symmetry again it is sufficient to consider the cases
m =n-3and m = n—2. As above, the case m = n -3 implies a = x, =0, so is
impossible. If m = n -2, x = (xi,a,"* -, a,a + £¢27"%) establishing again a = 0, so
|x:]=2""2. Thus if y € R, either y, =0 or | y,| Z|x,| =27" this is true for all
coordinates of y, establishing the result.

Assume B satisfies (a). Case (2) is established if x = = n~'?b, so assume
(x, b) = 0. Expanding || x |} = 1 and using (x, b) = 0 shows after elimination of a
that nxi=n-1-2m((n—m —1)cos’*(m/s).

In each of the seven cases listed above the equality yields nx? = 1, establishing
the assertion. 0O

Lemma 2.8. Lety € R. If (a) of Lemma 2.6 holds for B and if n = 13, then
(y, bi - bk)z 0 or '(y, bi - bk)l = 241/2 for all l# k.

Proor. It is enough to give the proof for b, — b,. Let x € R satisfy
|(x, by — b:)| = inf{|(z, b, — b2)|;2 €ER and (z,b,— b;)#0}.

Then x# n""?b, so (x, b) = 0. Since n = 12 we obtain (permuting the coordinates
of x if necessary) that (x,b.)=a for 3=k =m +2, (x,b.)= a + £2"cos(w/s)
for m + 3=k = n, where a is a constant, | ¢ | =1 and m and s satisfy: s =2 and
m=n—-2;or,s=3andm =1,2, n—-4orn-3;ors=4andm =1orn—-3.
There are three cases to consider.
Case 1. Both a and a + £2"cos /s are zero. The equalities || x |, = 1, and
(x, b) =0 imply here that x = =27(b, - b,), which is impossible since

|[(x, by = by)| = |27(b2— b3), by — by)[ =27,

Case 2. Exactly one of a, a + ¢2"cos(m/s) is zero. If for instance a =0,
checking the seven-possibilities together with || x [, =1, (x,b)=0, shows that
s=3, m=n-3and |(x,b,— by)|=27"".

Case 3. Neither a nor a+ e2"cos(m/s) is zero. We shall see this is

impossible. Lemma 2.7(2) implies that |a |, |a + 2" cos(w/s)| Z n™'?, there-
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1 1

fore x;+ x3=2n""', where x; = (x, b,), and hence (x;* x,)’=4n"". s cannot be
equal to 2, since otherwise x;+x,+(n—2)a=0, so |a|=2n""(n-2)"" and
then 1= x|f=x?+x}+(n—-2)a’<1, which is a contradiction.

To eliminate the cases s =3 and 4, let z € R be the point obtained by
permuting in x the m +2" with the m + 3™ coordinate and the 1* with the 2™

coordinate. By Lemma 2.2(2), using the fact that

1=|x[p=xi+x}+ma’*+(n—m—2)(a+ e2"cos(m/s)y,
we get for some positive integer ¢

[1—(x,— x2)" —2cos’(w/s)] = |(x,2)| = cos 2 /t).

For s =4, |cos(m/t)| = (x,— x.) =4n"" < cos(2/5) since n =13, so t =4 and
hence x, — x, =0, a contradiction.

For s =3, 12z12-(x,—x,)’Z(n—-8)(2n)"' > cos(2w/5), so t=6 and
again x,— x,=0. 0

Lemma 2.9. Letx € R. (1) If B satisfies (a) of Lemma 2.6 and n = 13, then
x = xn""borx =2""%(b; — b.) for some i # k. (2) If B satisfies (c) of Lemma 2.6
and n = 12, then x = = b, or =27"*(b = ¢b,) for some i and k, i# k, |e|=1.

Proor. Part (2) follows immediately by Lemma 2.7(1). Assume B satisfies (a)
and let x ER, (x,b)=0. If (x, b;) # 0 for all i then by Lemma 2.7(2), |(x, b,)| =
n~'” for all i. Since (x,b)=0, (x, b — b.)=2n""" for some i# k, contradicting
Lemma 2.8. Thus (x, b.) = 0 for some k, so (x, b;) =0 or |(x, b))| = 27'* for any i,
by Lemma 2.8. This with || x |, = 1 establishes (1). O

Lemma 2.10. Suppose n = 10 and that g € G maps each vector b, — b, i # k to
a vector of the form o (b, + €b,), |0 |=|e|=1 and s# t. Then there isa I[1E S,
and (&;) € A, such that g equals Z7_,eb! @ bngyoruie.biQ b, whereb,E E’
are the coefficient functionals corresponding to the b, and u =1—-2/n)b’'® b,
b'=3_b.

Proor. For 1=s=n and i#k, (b;—b, g*(b))=0,1 or —1, so that
g*(b,)= = n""b, or there is a constant a, a sign ¢ and an integer m < n with
g*(b,) a permutation of z = a S, b, + (a + €)Z,-. b.. In the latter case Lemma
2.3 implies m =1 or m =n—1. Using ||x|.=1 to solve for a, z= %b, or
+u(b), k=1 or n. The operator g* is orthogonal so either each g*(b,) is
A xb, or each g*(b;) is A +u(b,). This is enough to establish the desired
representation of g. O
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ProoF oF THEOREM 2.1. Let B ={b, b};=. be any orthonormal basis for B,
8(B) =1, which satisfies one of (a) through (d) of Lemma 2.6.

Assume (b) holds. Since 27"(b, — b,) € R for i # k, it follows (c) must hold,
then by Lemma 2.9 R consists of the points + b, and 27*(eb; + by ), for all
le|=|8]=1,1=i# k = n. Since any g € G maps R onto R, G must satisfy (3)
of Theorem 2.1.

Assume (c) holds and no b is a reflection point, then (4) must follow. To see
this notice first that »n is even, for if n =2m +1 is odd, then 1 —2b,X b, =
— I, gih, where g and h; are the reflections associated with 27*(b,; — by;i_1)
and 27"%(by + bx-1), so b.ER, contrary to the assumption. Next,
u =1~ (2/n) b’'®b is not in G, since by Lemma 2.9(2) 27"*u(b, + b,)  R. By
Lemma 2.9(2) and 2.10 each g € G has the form =;_, &b’ ® bng,. Then 7 &, = 1,
since if not, arguing as above would show that some b € R.

Of course every 2/, &b @ bngy (I1 € S,, (&) €E A, 11T &; = 1) is in G, since it is
the product of permutations and operators of the form

[1e = (bi= b)) @ (b: — b)) [1e — (bi+ bi)Q (b + by)].

Now assume (a) holds for B, and let g € G. By Lemma 2.9(1) for every i # k,
g(27"%(b, — b)) is either of the form 27*(b, — b,) or =n~"?b. If for some i# k,
g(b:— b.)=V2/nb, then for any j#i and k, g(b —b)=b —b, so that
g(b; — bi) does not have the required form. Hence g satisfies the conditions of
Lemma 2.10 so g(b: — by ) = €:bna)— exbnw) for every k# 1, hence £, = & and g
has the form in (2) or (1) depending on whether or not u € G.

If case (d) is satisfied then 27"*(b. + ub) E R, 1 =k = n. Write e, = b, + ub
and e = bi+ vb', where v is chosen to satisfy 0= v + u + nuv (possible, since
w# —n7'). Since (e, el) = 8« {€}i=. is a basis for E with §({e})=1. Let
gn=2{,ei®enu, I1ES,, then gn€ G and u, =1 ~(ex+e)RQex, e’ =27 ey,
is the reflection about 27"*(b, + ub), therefore u, € G.

Let {f, fi}i=» be the unit vector basis for R""', f=Z1f, f' = 27 f and define
v:E—>R" by v(e)=fc—fur1, 1=k=n For 7€E€S,., write h, =

i@ fru) Observe that v 'h,v = g, if 7 fixes n + 1, and that v 'h, v = w
if 7 is the 2-cycle interchanging n + 1 with k, 1 = k = n. Thus v 'h,v € G for all
TE S,

Now let F be R""' normed by

|z] =z, )+ 07" (e = P)(2)]

where P = (n +1)'f' ® f. Clearly v is an into isometry whose range is the kernel
of f', and h. is an isometry of F for each = € §,.,, since
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|v™'(1g — P)h.z

|[=]lv""h;' v~ '(1g = P)h.z

|=lv7'(1e = P)z ||

so 8({f}i=es)=1. Notice that if h€G and |e|=1, then h=
vhv '(1g — P)+ &P is an isometry of F. Taking h = 1, a scalar multiple of f is a
reflection point in F. The basis w; = a(f; + Bf), | =i = n + 1, is orthonormal for
suitable a and B, and reflection about n "*w (w = Z¢"' w;) is an isometry, so
{w:}i=n+1 must satisfy one of the conclusions of Lemma 2.6. Since n™"?w is a
reflection point, (d) is impossible, and (b) and (c) are also impossible by the
previously proven parts of the Theorem. Thus {w, }is.., must satisfy (a), and so
for h € G, h has form eh, or euh,, u is the reflection about n 2w, h, is a
permutation of the w,’s. But each permutation h. of w;’s is a permutation of the
f’s and u is the identity on v(E), so h + v~ h,v. This proves (5) must hold, and
concludes the proof of the Theorem. a

Remarks. In each of the cases (1)-(5) the basis B can be taken to be
orthonormal. The number of isometries in case (1) is 2(n!), in case (2) is 4(n!), in
case (3) is 2"n!, in case (4) is 2" 'n!, and in case (5) is 2((n + 1)!).

The argument given in proof establishes also the following:

CorROLLARY 2.11. Let dim(E) = n = 13, E have abasis {e;};=.with({e.}) = 1
and 2V e; a scalar multiple of a reflection point. If the group of isometries of E is
finite, then it satisfies (2) of Theorem 2.1.

Proor. By the proof given above case (5) of the Theorem arises only from
case (d) of Lemma 2.6, which is not satisfied here, therefore (5) does not hold
here, and clearly (2) must follow. O

ReMark. Let n=dim(E)z 13 with §(E)=1 and G finite. The proof of
Theorem 2.1 yields an orthonormal basis for E such that the set of reflection
points of E consists of the vectors contained in exactly one of the following 5
cases:

(1) the vectors 27"*(b, — b.), i # k;

(2) the vectors 27*(b; = b,), i# k, and *n"'""b;

(3) the vectors = b, and £27"*(b, + eb,), i#k, |e|=1;

(4) the vectors =27"%(b, + ¢by), i#k, |e| =1, and where n is even;

(5) the vectors 27Y3(b, — b, ), i # k, together with £27"*(b, + ub), where u is
one of the two possible solutions to (nu +1y=n + 1.

Observe also that in Lemma 2.6 only one of cases (a), (¢) or (d) may hold, and
that (b)= (c) and (b) holds iff t(E)=1 iff (3) of Theorem 2.1 holds.
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CoroLLARY 2.12. Let dim(E)=n=13, 8(E)=1 and G, the group of
isometries of E, be finite. G satisfies (3) or (4) of Theorem 2.1 iff x(E)=1. G
satisfies (3), (4) or (5) of Theorem 2.1 iff G has trivial commutator.

Proor. Let {b,b}i=. be an orthonormal basis for E so that R can be
described as in the preceeding remark.
If G satisfies (4) then n =2m is even and the basis

€ = 2_”2(b2i + bz.’—l), Cmai = 271/2(172" - bz.'—l), i=12,---m

clearly satisfies y({e:;}) = 1. If G satisfies (3), then x(B)=1.

To obtain a contradiction suppose G satisfies (1), (2) or (§) and that x(E) = 1.
Let {e;}i=» be a basis with y({e;})=1. Such a basis must necessarily be
orthogonal. Since |e |;' & € R it is of the form *n~"2b, +27"*(b, + ub) or
27"2(b, — b,). As the e;’s are orthogonal at most two can be of the first two types,
but then there can be no n —2 orthogonal vectors of the third type, a
contradiction.

If G satisfies (1) or (2) then b’ b commutes with each isometry of E, so E
does not have a trivial commutator. Clearly G has trivial commutator if G
satisfies (3).

If G satisfies (4), and v commutes with each g € G, it must have the form
Ale + ub'@ b since it commutes with all permutations. Let £, = ¢,= — 1 and
e=1fori>2, g=2"1ebi®b. Then gv = vg implies u =0.

If (5) is true, assume for convenience E CF is the kernel of f' = 7' fi, where
8{f}izns)=1. Write P =1 — (n+ 1)"'f'® f. If w € L(E) commutes with each
element of G, then wP commutes with each permutation of the f’s, so
wP = A1+ uP for some scalars A, u. Thus w = wP [E =(A+u)le O

§3. Applications and examples

ExampLE 3.1. Let E be R" with the norm | x | = maxi« | x; + x|, n = 13. E
satisfies (1) of Theorem 2.1.

Proor. Let B ={b, bi};=, be the unit vector basis for R", and Q the set of
vectors = (bi+ bi), i # k. Clearly Q consists of all the extreme points in the unit
ball of E’, therefore each isometry g of E must satisfy g'(Q)= Q. Of the five
possibilities listed in Theorem 2.1, this is true only in case (1). O

ExampLE 3.2. Let E be R" under the norm [ x| =max{|Z}, x|,
max;« | X — xi |}. For n =13, E satisfies (2) of Theorem 2.1.
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Proor. It is clear that the reflection about the sum of the unit vectors is an
isometry, so this follows from Corollary 2.11. O

ExamrLe 3.3. Let F be the subspace of R" consisting of vectors with sum
zero, normed by [ x || = max; | x, |. For n = 13, F satisfies (5) of Theorem 2.1.

This follows easily from the next result.

THEOREM 3.4. Let dim(E)=n =14, and B ={b, b}z, a basis satisfying
8(B)=1. Then either [b]" is isometric to a Hilbert space, or the group of isometries

of [b]* is the group of operators szll b.® bnw | [b]* (TES., |&]=1).

Proor. If the group of isometries G of E is infinite this follows from
Theorem 1.3, so we may assume G is finite, hence [b]* is not iSometric to a
Hilbert space. Since s([b]*)=1 and 8([b]*) = 1, the group of isometries G, of
[b]* must ‘be finite by Corollary 1.4. For IIE€ S, write gn(b)= buw, P=
n'b'®b and let M be E under the norm

[x]=Kx, b2 + [[(1e ~ P)x |.

Clearly | |= [l on [b]*, also, if § € Gy and |e|=1 then g(lg — P)+ &P is an
isometry of M. Taking g = gn|[b]* and & =1 shows 6({b}:=. CM)=1, and
taking g = 1;;)- and £ = — 1 shows that a scalar multiple of b is a reflection point

of M. The group of isometries of M must be finite by Theorem 1.3, and by
Corollary 2.11 M satisfies (2) of Theorem 2.1. The result follows immediately. {J

Let n =2™, E be an n-dimensional normed space and B = {b, b}};s. a basis
for E. The Haar basis built from B, denoted by h(B), is the normalization of
bl_‘bz, ba'bA,"‘, bn—1—bn, b1+b2‘b3—b4,"', ba-3+ bn~z—bn—1‘bm""
Sioib(=b).

CoroLLARY 3.5. Let h(B) be the Haar basis built from B, and assume
8(B)= x(h(B))=1. Then [b]" = 1"

Proor. If [b]" is not isometric to /' then by Theorem 3.4 every isometry of
[b]* is the restriction of a gn—but no gn fixes by — b, and changes the sign of
(b + b, — bs— b), contradicting y(h(B))=1. a

In the following example E has a finite group of isometries yet contains I3
isometrically.

ExaMrLE 3.6. Let B = {b;};=, be the unit vector basis of E, where E is R"
(n = 13) normed by:
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|x|= max{(z xf)uz, [n/(n-1)] miax[xi ]}

The group of isometries of E is finite.

Proor. It is easy to check that

. 172 n
[n/(n—l)]”2=inf{(2 x?) ;max [x;|=1 and Ex.-=0},

i=n ! i=1
so that || || is Euclidean on [b]}*. E is clearly not isometric to 5, and since t(B) =1
it follows from Theorem 1.3 that the group of isometrics of E is finite. O

ExampLE 3.7. Let n=6 be even and A be the subgroup {6 €{-1,1}";
-, 8 = 1}. Let B ={b, b’};=. be the unit vector basis of R", and let E be R"
under the norm | x | = maxses |[{x, 8)|. Then E satisfies (4) of Theorem 2.1.

ProOOF. Observe first that || || is a norm on R" and that A is the set of extreme
points of the unit ball of E'. Hence if g € G, g'(A) = A. The first claim is that
g({bi, -, b.})= ={by,- -+, b} for any g € G.

Let x = g(b:). Since x # 0 we may assume x; > 0. If x,+ x, =0 for all k =2,
then since g'(A)CA, 1=[(b,g'(L,1,--,1)|=(n-2)|x;] and 1=
[(b:,g'(1, =1, = 1,1,- -+, 1))| = (n — 6)| x|, an impossibility. Thus x, + x, # 0 for
some k# 1, we may assume that k =2. Let 8, -+, 8, be signs with [I3 8, = 1.
Then

1=I(bl,g,(171,637'."6n)>,: x1+x2+25,-x.- s and
3
1=l<bhg’(_1,_1,53,"',5'1))':"(X1+Xz)+2 5.-x.- .
3

Since x,+x,#0, |x,+x,|=1 and =;8x, =0, and letting § vary on all pos-
sibilities, we have x, =0 if i=3. Also 1=[(b,g'(1, -1, -1,1,---, 1)) =
| X, = x|, which implies x; =1, x,=0.

Hence if g € G, g(b,)) = ebugy for some [T € S, and | & | = 1. But £f b1y =
g'(L,1,---,1)EA, so lle; = 1. O

THEOREM 3.8. Let n =dim(E)= 13 and B = {b, b'}i=» be a basis for E.

(i) If B satisfies (1) or (2) of Theorem 2.1, then any diagonally symmetric basis
for E must have the form {Ab, + ub}is, where A and p are scalars, b = X} b..

(ii) If B satisfies (3) or (4) of Theorem 2.1, then any diagonally symmetric basis
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for E must have the form {Aeb; + u Z_, eb,}isn where X and u are scalars,
le|=1,1=i=n

(iii) If B satisfies (3) of Theorem 2.1, then any totally symmetric basis for E
must have the form {Aeb.}i=. where A is a scalar, |e.|=1, 1=i=n,

Proor. (i) If {e;}:=. is any diagonally symmetric basis for E, there are scalars
« and B such that {ae; + Be}i=. (e = 2] e) is orthonormal, so we may assume
already that both bases {e}i<. and {b;}is. are orthonormal and diagonally
symmetric. Since B satisfies (1) or (2), every reflection point is either =n~"?b or
27"*(b,— b)), i#j. Hence for any i#j, 27 "*(e.—¢) is either =n""?b or
27"2(b, — b,). Assume, for example, 27"*(e, — e,) = n~ "’ b, then 27(e,— e;) =
27"2(b, — b,) for some r# s, but checking the scalar product of the two vectors
yields that (e, — e,, e; — e5) = 0, which is a contradiction. Hence {e; ~¢;;i# j} C
{b.—b;;i#j}.

Write e, —e;= b, — b,, ¢,—e;=b,— b,. Then e,— e;= b, — b, + b, — b, hence
either j, = i; and j, # i,, or J, # i, and j, = i,. Assume the first, then e, — e, must
have, for similar reasons, the form b, — b;,, and in general there is a permutation
[T, TI(1)=i, such that e,— e = buay— buw), k 22. Then for each k, 0=
(e, e1— e) = (e, buuy— buwy), so e = Ab, and from the equation

ne, —e = IZ] € — e = ’Zl bll(j)— bll(k)= nbll(j)_ b
the required representation for ¢; follows.

To prove (ii), note that in case (3), since t+(B) =1, B is orthogonal, and all b,’s
have the same || ||, norm, so we may assume the b;’s to be orthonormal. As in (i),
passing to a sequence {ae: + Be} if necessary, we shall assume that {e};=, is an
orthonormal diagonally symmetric basis.

Since B satisfies (3), R consists of =b, 277%(b,— b)) and =27"*(b, + b)),
I=i#j=n Of course R contains the points 27"%(e; —¢;), i#j. We claim
27'""(e; — ¢;) cannot have the form = b, for any i # j, 1 = r < n. Assume otherwise
that for some i#j, 27'%(e; — ¢;) = &b, [ | =1. Since for k#j,i, (27"*(e; — ¢)),
27"(e; — e.))=1/2, it follows that 27'(e; — e,) cannot have the form = b,
27"%(b, = b)), £27"%(b, + b,) for any s# t, which is a contradiction.

Hence we have in case (3), and obviously also in case (4),

{e."e,,liéj}g{b,—b,,&),+£b,,l7£],l8,=’5,=1}
Write



Vol. 28, 1977 ISOMETRIES OF BANACH SPACES 65

e —e,=¢eb,+8b, where ii#j,le]=]8]=1,
el-e3z€zb,‘2+ 62bj2 where iz?éjz,l82|=;62|:1.

Checking the inner product which is equal to 1, it follows that we may assume
iy=1i, and &, = ¢g,, and then necessarily j, # j,. Writing e, — e, = &;b,+ 8:b,
where | e;| = | 8| = 1, i5 # j,, it follows by considering the inner product with the
previous two vectors that ;= ¢, and is= iy, j:# j, and ji.

Thus there exists I1 € S, and signs & such that

e1— & — Elbn(l)_Ekb[](k) k =2,3,'~~,n.

Since (e, e, — e, ) = 0 for all k, if we write e = 2] A;bng), then Ay = A ;& and from
[ell.=n*"* it follows that | A,| = 1. Now

n n

ne,—e = 2 €~ e = (n - 1)81bn(1)_ 2 Ekbn(k)
T

k=2

N

n

ne, = (A + (n — 1)e,) bno,— k2 ex(1= Aie) b,

and upon consideration of the norm | ne, |, = n, since |A,|=1, it follows that
A=¢€,, and so e, = e;bnyy and e, = ebnw), 2=k = n. However, since the
original symmetric basis had the form {Ae. + ue}, the required representation
follows.

(iii) If t({e:}i=a) = 1, then the e;’s have the same | |, norm and are orthogonal,
so using the result proved in (ii), there is I € S, (&) E A, so that e /| e:|. =
ecbnay/|| b1 ||, and the conclusion follows. O

THEOREM 3.9. Let E be a normed space of even dimension n = 16 which has
no subspace of dimension = n — 3 isometric to a Hilbert space. If B = {b, b}}:=, is
a basis for E which satisfies (4) of Theorem 2.1 and if 8({b,— b.]*) =1, then
x({b + b2y by, -+, b p)=1.

Proor. Write F ={b, - b,]', assume 8(F)=1 and let G be the group of
isometries of F. G is finite by Theorem 1.3. The restriction to F of the isometries
S1ebiQbue, |&l=1 and M(i)=i for i=1,2, are distinct, so |G|=
2" %(n —2)!, thus (1), (2) and (5) of Theorem 2.1 are impossible for G, and (4) is
too since dim(F) is odd. Thus F satisfies (3) and |G | =2""'(n — 1)!. Let [,] be
the inner product generating the ellipsoid of least volume containing the unit ball
of F.

Considering only isometries of F which are obtained from restricting to F
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isometries of E, shows that the basis b, + b, bs, -+ -, b, is [, ] orthogonal, and for
purposes of the proof there is no loss of generality in assuming it to be [,]
orthonormal. Write M =[bs,-- -, b.] ={x € F;[x, b, + b,] = 0}.

To obtain a contradiction assume the following to be true: If z is a reflection
point of F, then either z = x(b, + b,) or z € M. Then if z is any reflection point
of F different from = (b, + b,), z € M, so the operator 1 —2z & z maps M to M,
is an isometry of F, therefore z is a reflection point of M. However, since {b.}:=»
satisfied (4), t({b}i=3) =1, hence M has exactly 2(n—2)’ reflection points
(namely, * b, £27Y%(b, — b;), £27"%(b, + b)), 3= i# j = n), therefore F has no
more than 2(n —2)*+2 reflection points, contradicting the fact that F has
2(n — 1)* reflection points, because t(F)=1.

Now let x be any reflection point of F satisfying

|{x, b, + b,]| = inf{|[2, b, + b,]|; z a reflection point of F,{z, b, + b,] # 0}.

By the preceeding paragraph 0 <|x, b, + b,]| <1.Fori# k =3,2""*(b,— b,)is a
reflection point of F, so we may assume by Lemma 2.5 that there is a constant q,
a sign ¢ and integers m and s such that [x,bi]=a form =k =3, [x,bi]=a +
€27 cos(m/s) for m <k =n and that either s =2 and m = n; or, s =3 and
m=12n—-4orn—-3;0r,s=4and m=1or n—3.

Either m >2 or n—m —1>2. For reasons of symmetry only the case
m >2 need be considered. By Lemma 2.2 there is an integer r such that
[[x,27"%(bs+ bs)}| = cos(m/r). Thus

12 ma*= (m/2)cos’(mw/r)= (n—4)2 ' cos(n/r),

and so r=2 and a =0.

Since 0 <|[x, b, + b,]| <1 the only possible case is s = 3 and m = n — 3, so that
z =0 27"*(b, + b, + ¢b,) for some signs ¢ and o. In any event there is an isometry
of F mapping b, + b, to b,, so that b,, hence each b, (3= k = n), is a reflection
point of F. This shows that the basis {b, + b,, b3, - - -, b.} consists of orthogonal
reflection points and hence has unconditional constant one. O

CoroLLary 3.10. For each n = 16, there is an n-dimensional space E and a
norm one complemented hyperplane F CE such that 8(E)=1 and §(F)> 1.

Proor. The space E of example 3.7 is polyhedral and hence satisfies the
hypothesis of Theorem 3.9. But for {b},=, the unit basis, ||Z/-, b/||=n and
(122 b = b |=n—2,50 x({bi+ by, b3, -+, b.})>1.

Thus &§([b,— b.}")>1 and F = [b,— b,]* is norm one complemented since
b, — b, is a reflection point. O
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